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The inverse scattering problem for the perturbed wave equation (1) DU f 
V(x)u = 0 in 9 = Iw” (n = odd > 3) is considered. Here the potentials V(x) 
are real, smooth, with compact support and non-negative. We apply the Lax 
and Phillips theory, together with some properties of solutions of a Dirichlet 
problem associated with the operator - 4 + V(x) to show, in a very simple way, 
that the scattering operator S(V) associated with (1) determines uniquely the 
scatterer, provided that a fixed sign condition on the potentials is satisfied. We 
also show that the map V -+ S(V) is once-differentiable. 
1. IN~xoDuCTI~N 
In this note we study the so-called inverse scattering problem for the perturbed 
wave equation 
q u + V(x)u = 0 (1.1) 
inQ=W(n=odd>3),--a<(t<cx,where 
and V = Y(x) denotes a real-valued function, non-negative, smooth and with 
compact support. Our aim is to show that the Lax and Phillips theory (See [5]) 
can be carried out (at least in this special case) to cover the case of potentials 
with compact support, in a very simple and natural way. Of course, we don’t 
even consider here the problem of reconstruction of V(x) from the scattering 
operator (or the “amplitude”) which, as a matter of fact, has been solved 
recently through different techniques by L. D. Faddeev (see [3]) and for a 
related problem (the exterior problem) by A. Majda (see [6]) among others. 
* This research was supported by FINEP, CEPG-UFRJ, and CNPq (Brazil) Part of 
this research was finished while the author was visiting the Courant Institute of Mathe- 
matical Sciences during Dec. 76/Jan. 77. 
41 
00220396/78/0301-OO41$020OjO 
Copyright 0 1975 by Academic Press, Inc. 
Al1 rights of reproduction in my form rasrvcd. 
42 GUSTAV0 PERLA MENZALA 
We would like to take-this opportunity to express our gratitude to Prof. W. A. 
Strauss who, some years ago, called my attention to this problem. We also 
would like to thank Prof. L. Nirenberg and Prof. J. Cooper for useful con- 
versations. 
2. PRELIMINARIES 
We shall consider equation (1.1) w h ere I’ = 17(zc) is a real-valued function, 
smooth, non-negative and with compact support in R” (?I = odd 3 3). From 
,now on we will assume that the support of IT&) is contained in the ball B,(O) = 
{x E R”, 1 x I < r}. L e us denote by H the completion of the vector space of t 
pairs (f, g) of Cm-functions with compact support (i.e. C,m(lR~)) with the norm 
II IL given by 
llff, g>lE = 3 lRn [I gradf I2 + 2 + WWI dx (2.1) 
Let (f, g) E C,m(R~z) x C,“(R”), then we consider the pair (ti, ut) where u is 
the solution of (1.1) with initial conditions (f, g) at t = 0. The family of operators 
U(t) defined by 
is a strongly continuous (at t = 0) group of operators in H, each element of 
that family is also an isometry and maps Corn x Cam onto itself. Thus each U(t) 
can be extended to all of the space H as a unitary operator. Therefore, we will 
have a one-parameter strongly continuous group of unitary operators (U(t), 
t E RI associated with equation (1.1). In the case in which V = 0 we will denote 
the group by {U,,(t), t E R} and we shall refer to it as the free group. The free 
group is defined on the space H,, which is the completion of the space C,,~(R’~) x 
Com(Rgn) with the norm 
ll(f, s)&, = B s (I gradf I” +2) & EP (2.2) 
With the above hypothesis on V(z) it is not difficult to show that the norms 
II IIE and II IL,, are indeed equivalent. The limits 
)jym V-t) ~*Mf, g> = Q4.L A9 (2.3) 
for (f, g) E H g H,, are known to exist. Furthermore, the operators Qn; defined 
by (2.3) can be shown to be unitary operators under much weaker conditions 
(see [4], for example). Q, and Sz- are the so-called wave operators associated 
with equation (1.1). 
A SIMPLE PROOF 43 
The scattering operator S is then defined by 
s = Q~~Q- (2.4) 
and since in this case it is known that the ranges of Q+ and JX. coincide, then S 
commutes with U,(tj. The direct scattering problem consists of given r/6(t) and 
U(t) to analyze the existence and unitarity character of the wave operators (and 
so of the scattering operator). The inverse scattering problem consists of given 
U,,(t) and S to determine U(t) i.e. all the possible information that we can 
obtain about the dynamics of a system by knowing its asymptotic behavior. 
3. SOME LEMlUS 
In this section we will present a few technical lemmas, concerned with 
properties of solutions of the Dirichlet problem associated with the operator 
-A + V(X). In this section J2 will be a bounded domain of EP with smooth 
boundary 852 (of class C2 for example) and V(X) will be a real-valued function, 
V(X) > 0 in Q and belongs to Cl(Q). 
Observe that, if U(X) is a solution of du = b’(x)u in &I such that U(X) >, 0 in 
X2, then U(X) > 0 in Q u X2 = 8. In fact, if u takes negative values in a, let 
x,, ED such that u(x,,) = min,,a U(X). Therefore, we will have x0 E G’ because 
u(x) 2 0 in 22. Thus &/&,(~a) = 0 and a’~~/&~~(~aL*o) > 0 for 1 < j < WZ, so 
we must have V(X~) u(+) = AZ@,,) >, 0 which implies u(+) > 0. This con- 
tradiction proves our claim. Let w = W(X) be the solution of 
dw = V(x)w in !2 
w = 1 in as2 
(3.1) 
and u = U(X) be the solution of 
Au = V(x)u in Q 
u=f>OinaQ 
(3.2) 
where f is a real-valued function, continuous and non-negative defined on X2. 
Observe that if m and M are positive constants such that fn < f(x) ,( M for 
all 3~’ ED then it follows that the solution u of (3.2) satisfies 
mw(x) < u(x) < Mw(x) (3.33 
for all x ~8 where W(X) is given by (3.1). This is a direct consequence of the 
above discussion. Let P = P(X) >, 0 in Q and P E Cl&!). We consider V, = 
Vi(x) given by 
V,(x) = V(x) + P(x) (3.4) 
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Let v = v(x) the solution of 
Llv = Vl(x)v in D 
v=f>OiniQ 
where f is a real-valued function, continuous and non-negative in an. 
(3.5) 
LEMMA 1.3. Let a and v be the solutions of (3.2) and (3.5) with the same 
boundary conditions. Then v(x) < u(x) for each x E Q. 
Proof. Let G(x, _v> be the Green function associated with (3.2) then using 
the first Green identity we obtain 
= v(x) - 
s as2 
V(Y) g (x, Y> do, 
where a/+ denotes the normal derivative and &, the surface measure on 852. 
Since u and v satisfy (3.2) and (3.5) respectively then it follows from (3.6) that 
J’, V(Y) Wx, Y) dr - $, G(x, Y> 7~) V(Y) Jr 
- v(x) - 1 f(r) g (?Y> 4 + J’, GbbY) P(Y) V(Y) dY - (3.7) asa 
Since u(x) = sap f (y) aG/aq(x, y) d oy and AG = V(y)G then from (3.7) we 
obtain 
44 + j-a (33, Y> P(Y) V(Y) dr = 44 
which implies v(x) ,( U(X) for x ED because the Green function G(x, y) is 
positive in a. 
LEMMA 2.3. Let w = w(x) the solution of (3.1) then w(x) # 0 for all x ED. 
Proof. Suppose that there exists a x,, E 52 such that zu(xJ = 0. 
Then using (3.3) we find that for each solution u of an equation of type (3.2) 
we must have u(.Q) = 0. Because of Lemma 1.3, the same should be true for 
solutions of (3.5). In particular, if we fix a constant a > 0 such that V(x) < a in 
D then the solution of 
h(x) = ar(x) in Q 
r(x) =f >OinZ? 
(3.8) 
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must vanish at x,, . But this, in general, is not possible. In fact we just need to 
choose f(x) = f(xr , x2 ,..., x,J = exp(@ xd for x E X2 and we observe that 
the function Y(X) = exp(&s a,) satisfies (3.8) and Y(X) f 0 in IFB”. This shows 
the lemma. 
4. THE INVERSE PROBLEM 
Let VI(x) and Vs(x) be real-valued functions, non-negative, belong to C,,r(W) 
(B = odd > 3) and suppose also that the supports of 1;r and V, , coincide and 
are contained in a large ball, say BR(0) = {x E IF!“, 1 x j < R). Let us denote by 
S(Vd and S(Vs) the scattering operators associated with q u + V,(X)U = 0 
and q u + T/z(x)u = 0 respectively. If we assume that S(Fr) = S(Y,), then 
the corresponding wave operators will satisfy the relation 
s?+( V,) Lq( Vl) = a-( V,) Q?( V,) 
so, if we call M = &‘(7/1 , V,) = Q+(Va) ql(V,) it can easily be checked that 
the operator 1%’ = M(VX , Vs) is unitary from Zir onto Hz (Remember that Hj 
is the completion of C,,“(R”) x C’,“(Rn) with the norm 
Now, we observe that M is equal to the identity operator outside the ball of 
radius R i.e. 
The proof of this fact can be done exactly as in Lax and Philhps book ([5], 
pg. 175) and we shall omit it here. On the other hand, it is easy to verify that 
the operator M takes data of the form (f, 0) into data whose second component 
is zero, i.e. 
hoIds for any (f, 0) E HI E H, . Here [Mu, O)]r denotes the first component 
of the pair M(f, 0). N ow, let us take as initial data of the problem 0% + 
I~&+ = 0 the pair (ur(x), 0) E Hz where ur(x) is the solution of 
--Au,+ V,(x)u,=Oon[x] <2R 
z+(x) = 1 on 1 x 1 = 3R 
(4.2) 
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Therefore, ur(3c) minimizes the functional 
J1(~) = JxlQR (I grad v I2 + V&4 v’) dx 
with v = 1 on 1 x 1 = 2R. 
On the other hand, because M is unitary and (4.1) holds we have r~, = 
[1M(u, , 0)11 minimizes the functional 
with #(x) = 1 on I x / = 2R. Consequently, ~~(2) solves the problem 
--dv, + V,(x) q = 0 on 1 x 1 < 2R 
q(x) = 1 on I x I = 2R 
(4.3) 
Multiplying (4.2) and (4.3) by V, and ul respectively and them subtracting we 
obtain 
(V2 - vl) u,a, + v, Au, - a41 Awl = 0. (4.4) 
By integrating (4.4) in {X E R”, 1 x 1 < 2R}, using the first Green identity, the 
boundary conditions on 1 x j = 2R and remembering that the supports of V, 
and V, are contained in the ball Bs(O), we get 
s lXl42R 
(V, - V,)u,o,dx = 0 (4.5) 
By Lemma 2.3 we know that u, and V, never vanish in j x 1 < 2R, so if we 
assume that V~(X) > I/;(X) then (4.5) implies that Vs = VI . This proves 
THEOREM 1.4. Let V,(x) and V,(x) satisfy all of the hypothesis given at the 
beginning of the section. Let S(Va and S(V,) be th e scattering operators associated 
with [7u + Vl(x)zc = 0 and q u + V,(x)u = 0 respectively. If VI - Vz is 
either non-negative or non-positive, then S(Vl) # S(VJ or VI = Vz . 
COROLLARY 2.4. Let VI(x) be a non-negative, real, potential which is smooth 
qnd with compact support. If the scattering opwator S(V,) associated with q u + 
V,(x)u = 0 is the identity operator, then V,(x) = 0. 
Remark. We suspect that by choosing another kind of initial data in the 
above proof, one should be able to show that if S(VJ = S(V& then VI = Va 
without the sort of extraneous condition VI 3 V, or V, >, VI . To reinforce 
this we have the uniqueness result in [8] for small potentials. One the above 
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partial result has been obtained one is tempted to study the map V F+ S(V) 
on the class of potentials with the above hypothesis, and try to show that it is 
once-differentiable, which means to study the 
In order to simplify our discussion let TZ = 3. We assume that i/1(x) and V,(x) 
satisfy all of the hypotheses mentioned at the begining of this section. Let US 
denote by u(V, + cV,> and u(Vr) the solution of 0~ -/- (IT1 + EV,>U = 0 and 
au + Vr’lu = 0 respectively. Of course we assume th.eir initial data at t = 0 
belongs to Co” x Com(R3). It was proved in [S] (Lemma 3.1) that we can write 
ZC s m R(x, t - s) *(V, + CV,) u(V, + EVJ ds (4.6) --m 
where [Uo(t)f-(x)]l = U-(X, t) denotes th . e mcoming free solution associated with 
u(V, + EV.J, [ ]r the first component of the pair [(S’(V, + ET/H) - 1) Uo(t)f-(x)]l 
and R(x, t) is the Riemann function associated with the free wave equation. It is 
well known that R(x, t) is given by S(\ x j - t)j&rt for t > 0 where 6 is the 
three-dimensional Dirac-delta function. Similarly, since in this case the wave 
operators are unitary, we can write 
By subtracting (4.7) from (4.6) and dividing by E > 0 we get 
-m =z 
.I 
R(s, t - s) * V&c) u(V, + ~7,) ds 
-a 
+ J-1 R(x, t - s) * V,(x) [ u(vl + ‘?’ - u(vlj ] 0% 
Since Ti, has compact support and the well-known behavior of U, j/ zc(-, s& < 
constant/[ s 1 then the first integral of the right side of (4.8) can be estimated by 
a term of the form 
505/30/I-4 
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where n and 6 are finite. Thus by the Lebesgue dominated convergence theorem 
it follows that 
4% 
Jrn R(x, t - s) * V&c) u( VI + CVJ ds = SD R(x, t - s) * V&) u( VI) as. 
-cc --m 
Similarly it can be checked that the second integral in (4.8) converges to 
J-zm R(x, t - s) * VI(x) W(x, s) d s as E + 0 where W(x, t) is the solution of 
0 W + V&c)W = - V&) u( V,). Th us V--f S(V) is once-differentiable. In 
particular, if 7;:(x) z 0, then from (4.8) it follows that 
= s m R(X, t - s) * V,(x) u-(x, s) ds -cc 
because U(O) = u- and S(0) = I. 
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